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Let p be the characteristic of the finite field GF(q), and let e be a divisor of 
q - 1, e ) 3. We determine the cyclotomic numbers of order e over GF(q) for the 
case where -1 is a power of p modulo e. In this case most of the cyclotomic 
numbers are equal. We also prove a theorem about difference sets. 
1, INTRODUCTION 
Various authors [ 1, 3,4,6-g, 1 l-161 have discussed eth power cyclotomy 
in GF(q) for small e. Results for e as high as 24 have been obtained, but 
only with geat difficulty. In particular we note the general discussions in 
Dickson [3, 4 J and Storer [ 131. We will show that when -1 is a power of 
the characteristic modulo e, then the situation is much more tractable. 
Let p be a prime and let q be a power ofp, say, q =p”. Then there exists 
an essentially unique field with q elements, GF(q). Let g be a fixed primitive 
element of this field, so that any nonzero element of GF(q) can be written 
uniquely in the form g’, where 0 < i < q - 1. Let e be any divisor of q - 1, 
e > 2, and let $ = (q - 1)/e. 
For fixed integers i and j, define a cyclotomic number of order e over 
GF(q), denoted by (i, j), to be the number of ordered pairs of integers t, u 
such that 0 < t, u <f and 
g 
et+i + 1 =geu+ja 
(1) 
The problem is to calculate these cyclotomic numbers. 
As t and u run over a complete set of residues modulo JI so do t + k and 
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u + m. It follows that (i,j) = (i + ke, j + me), for any integers k and m. 
Henceforth we will regard the arguments i and j of (i,j) as elements of the 
ring of integers modulo e, so that equality can be used in place of 
congruence modulo e. 
There are several basic relationships among the cyclotomic numbers. 
First we note that if p = 2 or if f is even, then -1 is an eth power in 
GF(q). If p and f are both odd, then e is even, and we have -1 = g”, where 
a = e/2 (mod e). Subtracting 1 from both sides of (1) gives us 
(j, i> = (i,j) if p = 2 orfis even, 
= (i + e/2, j + e/2) if p and f are both odd. 
Multiplying both sides of (1) by geetei yields 
(2) 
We also have 
(i,j) = (-i,j - i). (3) 
e-1 
x (jlj) =f - ajO (4) 
i=O 
where Sji = 0 when j # i and Sjj = 1. To see this we note that every element 
h = geu +j, except for 1, is 1 more than some nonzero element of GF(q), say 
g ef+i, for some t and i. Thus if j # 0, all f such elements h are counted once 
each in the sum of (4), but if j = 0, only f - 1 such elements h are counted 
once each in the sum of (4). 
Identities (2), (3), and (4) allow us to calculate the cyclotomic numbers 
for e = 2. Thus we are primarily concerned with e > 3. 
2. THE PERIODS AND STICKELBERGER-GAUSS SUMS 
Let R denote the field of rationals, let [ be a fixed primitive pth root of 
unity over R, and set K = R(C). Let o be a primitive eth root of unity over K 
and set L = K(w). We set Q = GF(q) and P = GF(p). Let T(r) = r,,(c) 
denote the trace from Q to P of {, i.e., 
T(<)=(+(P+ ... +y. 
The period vi of order e over Q is defined to be the exponential sum 
which is an element of K. 
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For any (q - 1)st root of unity a over K, we define the 
Stickelberger-Gauss sum H(a) by 
q-2 
H(a) = c p+g. 
i=O 
If a is an arbitrary eth root of unity in L we have 
e-l f-1 e-1 
H(a) = T r {r(ger+i)ai = s 
,?o *Ya i=O 
Via’, 
which is an element of L. We also have 
e-1 
H(l)= 2 vi=-1. 
i=O 
Now let 9 be the set of all p in L such that p” = 1,p # 1. For p in 9 we 
have 
q-2 q-2 
f@) J@-I) = c 2 p+dp 
i=O j=O 
q-2 q-2 
= 1 z pP+k+gj)pk 
k=O j=O 
where y runs through all nonzero elements of Q. Now 
\‘ [T(Yb) = q - 1 
ii if <= 0, 
Y  z-1 if <# 0. 
Now if p = 2, then gk + 1 = 0 if and only if k 3 0 (mod q - 1). On the other 
hand if p is odd, then gk + 1 = 0 if and only if k 3 (q - 1)/2 (mod q - 1). 
For /3 in 3 we have C/I” = 0 and it follows that 
H(p) H(y) = qp--)‘2 if p#2, 
=9 if p = 2. 
We need to express the periods qj in terms of the H(a). We have 
(5) 
e-1 
xff(a)a-‘=x 2 I;liai-j=evj, 
a (I i=O 
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erlj=CH(o)o-j=-l + C Hp)P-j, 
a DE9 
(6) 
where a runs over all eth roots of unity. 
3. UNIFORMITY 
DEFINITION 1. The cyclotomic numbers (i,j) of order e over GF(q) are 
uniform if 
(O,i)=(i,O)=(i,i)=(O, 1) 
whenever i # 0, and 
(id = (L2) 
whenever 0 # i #j f 0. 
This concept is independent of the choice of g. Changing g ordinarily has 
the effect of permuting the cyclotomic numbers, but if they are uniform then 
they are unchanged. 
LEMMA 1. If the cyclotomic numbers of order e over GF(q) are uniform, 
then either p = 2 or f is even. 
ProojY Suppose that the cyclotomic numbers are uniform, p # 2, and f is 
odd. Then q must be odd, so that e is even. Using the definition of uniformity 
and (2) we get 
(0,O) = (e/2, e/2) = (0, 1). 
For e > 2 we get 
(1,2)=(e/2, l)=(l +e/2,0)=(0,1). 
Thus all the cyclotomic numbers are equal, and this is impossible by (4). 
In the case p and f both odd, other definitions of uniformity suggest them- 
selves, but they do not seem to lead anywhere. At any rate the theorems of 
this paper suggest that the above definition is the correct one. 
We shall regard the subscript i in tf, as an integer modulo e so that we can 
use equality instead of congruence module e. 
DEFINITION 2. The periods vi of order e over GF(q) are uniform if for 
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some fixed c and q we have vi = r7 for i # c. We call 7 the usual period and c 
the exceptional residue. 
This concept is independent of the choices of c and g. The effect of 
changing g is to permute the periods. When the periods are uniform changing 
g may change c. 
LEMMA 2. If the periods of order e are uniform over GF(q) with excep- 
tional residue c, then 
WI= kc-a>P 
for all /3 in 9. Conversely, if there exist constants D and c such that 
H(B) = Dp for all p in 9, then the periods of order e are uniform over 
GF(q) with exceptional residue c. 
ProoJ Suppose first that the periods are uniform with exceptional residue 
c. Then 
e-1 e-1 
H(P) = C ~~p[=(rt,-r)PC+a ~oB’=(n,-tW~ 
i=O 
for all /I in 9. Conversely, suppose that H(B) = Dp’ for all fl in 9. For 
j f c, (6) gives us 
,qj=-l + c DpC-‘=-l-D. 
4EJ 
LEMMA 3. Suppose that the periods of order e over GF(q) are uniform 
with e > 3. Then either p = 2 or f is even. Moreover q is a square, indeed 
q = r’, where r is a rational integer, which may be negative, such that r = 1 
(mod e). Finally we have q = (r - 1)/e and qc = q - r. 
ProoJ: Suppose first that p# 2. Then for DE 9 we have Hv)= 
(qc - q)p’ by Lemma 2. Combining this with (5) we get 
(qc - q)’ = HfO) H(t3- ‘) = q,l?14-‘v2. 
Since e > 3 we can set p = w  and j? = w2 in this to obtain 
w(4-1n = w4-1 = 1 
3 
so that el (q - 1)/2. Hence if p # 2, then f is even. 
Thus we have (q, - ~1)’ = q and qc = q f &in all cases. Now 
e-l 
vr+(e- l)q= C q,=--1. 
i=O 
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Solving for q we get 
v = (E di- 1)/e, 
where E = f 1. It is well known that such an expression cannot be an 
algebraic integer for e > 3 unless q is a perfect square. Therefore q is a 
perfect square and we set r = E fi Then q = r2, r = 1 (mod e), 
r=(r- 1)/e, and qc=v--r. 
4. RELATIONS BETWEEN THE CYCLOTOMIC NUMBERS AND THE PERIODS 
We shall now suppose that either p = 2 or f is even. Then -1 is an eth 
power in GF(q) and (2) becomes 
(.A 4 = (kl?. 
Now consider the product of two periods. We have 
e-1 f-1 
= J,f+ z (j - i, k - j) x (T(gr”tk’, 
k=O L' = 0 
since there are Jijfsolutions of the equation 
g et+i+g 9 eutj=O 
and (j - i, k - i) solutions of the equation 
g 
efti+geu+j=geotk, 
or 
1 +gecu-l)ti-i =gr(o-~)tk-i. 
Thus we obtain the equation 
(7) 
We now show that, for e > 3, the cyclotomic numbers are uniform if and 
only if the periods are. 
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LEMMA 4. If the cyclotomic numbers of order e over GF(q) are uniform, 
then the periods of order e over GF(q) are also uniform. 
Proof: We set B = (0, 1) and C = (1,2). Then for i #j, (7) yields 
e-l 
qiqj= x (j-i,k-i)q, 
k=O 
e-1 
=(?i+ qj)(B-C) -kc 23 ?lk 
k=O 
= (t/i + vj)(B - C) - C* 
Not all the vi can be equal to B - C since their sum is -1. Choose c such 
that qc #B - C. Then for all i # c we get 
Vi = 
r,(B - C> - C 
g,+C-B ’ 
so that the periods are uniform. 
LEMMA 5. Suppose that e > 3 and the periods of order e over GF(q) are 
uniform. Then the cyclotomic numbers of order e over GF(q) are also 
uniform. Moreover we have (i,j)=$ for O#i#j#O, 
(O,i)=(i,O)=(i,i)=~*+~for i#O, and (O,O)=$-(e-3)11- 1. 
Proof: For i # j, (7) yields 
e-1 
qiqj= x (j-i,k-i)vk 
k=O 
e-1 
= (vc - q)(j - i, c - i) + q 1 (j - i, k - i) 
k=O 
This gives us 
= (q, - q)(j - i, c - i) + Ilf: 
Vc-jVc+i-j= (VC- v)(U) + rf (8) 
for i # 0. Since -l=C~i=(e-l)~+~c we have qc#v. For 
0 # i #j # 0, (8) yields 
(i.A = rl01 -f )/(V, - II). 
Now Lemma 3 and f = (q - 1)/e give us 
ty -f = (r - q)/e = -r(r - 1)/e = --ry, 
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and qC - q = -r, so (i,j) = $ for 0 # i #j # 0. For i # 0, (8) yields 
6 0) = Pm - nfY(rt, - b9 = rt + r(zl -f)k - s> = q* + rl. 
This implies that (0, i) = (i, i) = q2 + q for ail i # 0. Finally (0,O) =f - 1 - 
(e - I)($ + q) by (4),f= (q - 1)/e by definition, and q = r* = (en + l)* by 
Lemma 3. Therefore (0,O) = q2 - (e - 3) q - 1. 
We summarize all these results in the following theorem. 
THEOREM 1. Suppose that q is a power of the prime p, and let e be a 
divisor of q - 1, e > 3. Then the following are equivalent: 
(i) The cyclotomic numbers of order e over GF(q) are uniform. 
(ii) The periods of order e over GF(q) are uniform. 
(iii) There are constants D and c such that H(@) = Dp’for all /I in 9, 
where H(a) is the Stickelberger-Gauss sum on GF(q). 
Furthermore tf these conditions hold then either p or f is even, q is a square, 
indeed q = r2 where r = 1 (mod e), the exceptional residue of the periods is c, 
the usual value of the periods is n = (r - 1)/e, qC = q - r, 
(0,O) = ry* - (e - 3) q - 1, 
(0, i) = (i, 0) = (i, i) = n* + n for i # 0, 
(Li) = v2 for 0 # i #j # 0, 
and D = -r. 
5. A SPECIAL CASE 
We have seen that if the cyclotomic numbers of order e are uniform over 
GF(q), then q is a square, say q =p2’, and e is a factor of either pS + 1 or of 
pS - 1. In this section we will show that if e is a factor of p” + 1, then the 
cyclotomic numbers of order e are indeed uniform over GF(q). We need the 
following result. 
LEMMA 6. If the cyclotomic numbers of order e over GF(q) are uniform, 
and if e, is a factor of e, then the cyclotomic numbers of order e, over GF(q) 
are also uniform. 
Proof. For e, = 2 the result follows from Lemma 1 and Eqs. (2) and (3). 
Suppose that e, > 3. By Theorem 1 we have H(P) = -rp for all p in 9. It 
follows that the same result holds for all e,,th roots of unity 8, p # 1. 
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Applying Theorem 1 again we see that the cyclotomic numbers of order e, 
over GF(q) are also uniform. 
LEMMA 7. If e is a divisor of ps + 1, then the cyclotomic numbers of 
order e over GF(p”) are uniform. 
ProoJ We set n = 2s, and q =p”. Suppose first that e =ps + 1. Then 
f = ps - 1. In particular either p = 2 or f is even. 
Since g is a generator of the multiplicative group of GF(p”), it follows that 
g’ E GF(p’) if and only if e] i, so that ge is a generator of the multiplicative 
group of GF(p’). 
If 0 < i < e, then the equation 
ge’ + 1 =geu+i 
is impossible since the left hand side lies in GF(p’) while the right hand side 
does not. Thus we can conclude that (0, i) = 0 for all i # 0. This implies that 
(i, 0) = (0, i) = (i, i) = 0 for all i # 0. 
Now we consider the equation 
g et+i + 1 =geutj, 
where 0 ( i, j < e, i #j. Neither g’ nor gj lies in GF(p’). Adjoining g’ to 
GF(p’) gives us the quadratic extension field GF(p”), of which g’ is an 
element. Every element of the extension field has a unique representation of 
the form agj + b, with a, b E GF(p’). This shows that the values of t and u 
in the above equation exist and are unique module f, provided neither a nor 
b is zero, which follows from the assumptions on i and j. It now follows that 
(i,j) = 1 whenever 0 # i #j # 0, so that the cyclotomic numbers of order e 
over GF(q) are uniform. 
We have shown that the lemma holds for e =ps + 1. The full result 
follows from Lemma 6. 
6. THE DAVENPORT-HASSE THEOREM 
We now consider the effect of changing q on uniformity. Our main tool is 
the theorem of Davenport and Hasse [2]. This theorem was proved more 
recently, in the form that we will use, by McEliece and Rumsey [lo]. 
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The Stickelberger-Gauss sum depends on the choice of generator g of 
GF(q). Let g, be a generator of GF(q”$ chosen in such a way that 
gt/“- 1vts- 1) = g, 
the generator we use for GF(q). Now let H,(a) be the Stickelberger-Gauss 
sum on GF(qm) using g,, and let H,(a) be the corresponding sum on GF(q) 
using g. The Davenport-Hasse theorem states that 
for any eth root of unity a in L. This enables us to prove the following 
result. 
THEOREM 2. Suppose that q is a power of the prime p, and let e be a 
divisor of q - 1, such that e > 3 and -1 is a power of p module e. Then the 
cyclotomic numbers of order e over GF(q) are uniform. 
Proof. We set q =p” and we let s be the smallest positive integer such 
that pS = -1 (mod e). Then 2s is a factor of n, and we write n = 2sm. 
Furthermore e is a divisor ofp” + 1, so that the cyclotomic numbers of order 
e over GF(p*‘) are uniform by Lemma 7. Now let H,(a) be the 
Stickelberger-Gauss sum on GF(p*“) using some primitive element g, and let 
H,(a) be the corresponding sum on GF(q) using a primitive element g, such 
that 
By Theorem 1 there are integers D and c such that H,(j3) = Dp’ for all /3 in 
9. By the Davenport-Hasse theorem we have H&3) = (-l)mfl Dmp”’ for 
all such p. Applying Theorem 1 again we see that the cyclotomic numbers of 
order e over GF(q) are uniform. 
7. THE CONVERSE 
In this section we prove the converse of Theorem 2. The following lemma 
is the heart of our proof. 
LEMMA 8. If q is a prime power and e is a divisor of q - 1, e 2 3, and if 
the cyclotomic numbers of order e over GF(q*) are uniform, then the 
cyclotomic numbers of order e over GF(q) are also uniform. 
Proof Let H,(a) be the Stickelberger-Gauss sum on GF(q*) using some 
primitive element g,, and let H(a) be the corresponding sum on GF(q) using 
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the primitive element g such that (9) holds with m = 2. Let vi be the period 
of order e over GF(q). Since q = 1 (mode), Theorem 1 applied to GF(q*) 
tells us that there is an integer d such that H&?) = -qfid, for all /3 in 9. The 
Davenport-Hasse theorem yields 
for all such /I. Hence if CO is a primitive eth root of unity we have 
(H(u*))* = qW*d, 
so that q is a square in L, the field of the epth roots of unity over the 
rationals. 
If p = 2, then e is odd and p is not a square in L, so that q must be a 
square in R and therefore in K. 
If q _= 1 (mod 4), then q is a square in K, whether or not p f 1 (mod 4). 
If q z -1 (mod 4), then -q is a square in K and therefore in L. This 
implies that -1 is a square in L, which is impossible since 4 does not divide 
ep. 
Thus in any case q must be a square in K, the field of the pth roots of 
unity. 
We now show that if e is even, then d must also be even. Thus we suppose 
that e is even and d is odd. Then p is also odd. Furthermore 
(H(u))* = qwd = qcod- $0, 
so that w  is a square in L. Thus L contain all the 2eth roots of unity, and 
therefore all the 2epth roots of unity. This is impossible for e even. Thus if e 
is even, then d is also even. 
Therefore there is a rational integer h such that 2h z d (mod e). We 
consider h as an element of the ring of integers modulo e. For ,8 in 3’ we 
have 
where eg = f 1. Applying (6) we get 
eqj=-l + z HWP-j= -1 + &,Yj, 
469 
where 
sj = DT9 &fiPh-j = (erj + 1 )/fi 
641/14/l-6 
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Now S, is an algebraic integer in R(w). On the other hand both eq, + 1 and 
fi are elements of K, so that Sj E R(w) n K = R. Thus Sj is rational and 
an algebraic integer. Now Sj is the sum of e - 1 terms, each of which is a 
root of unity so that 
Now 
-e < Sj < e. 
4Vj - tlo) = $itsj - sd. 
Since e and q are relatively prime this implies that Sj = S, (mod e) for all j. 
Let~10bethesetofall/?in9suchthatsq=-l.Thenforj#hwe have 
sj= c p-j-2 C ph-j=-l-2 Cph-j=-i-2Tj, 
469 5sY 4EY 
where 
Tj = c ph-j = (-1 - Sj)/2. 
4EY 
Since the elements of 9 are algebraic integers and Sj is rational, it follows 
that Tj is a rational integer. Therefore Sj is odd for j # h. 
Suppose first that e is odd. For j # h, we have S, z S, (mod e) and Sj = 1 
(mod 2), so that Sj is determined modulo 2e. Since -e ( S, < e, we see that 
all the Sj with j # h are equal, and so the periods of order e over GF(q) are 
uniform. 
We have left the case e even. Here we let LV’ be the set of all /I in L such 
that p”2 = 1, /.I # 1, and we let R be the set of all /3 in L such that p”/’ = -1. 
We also let Z be the unique rational integer such that Z = S, (mod e) and 
-e/2 < Z < ef 2. We can write Sj = Xi + Yj, where 
xj = c q$ph-j, 
4EP 
yj = c Eoph -j.
BEX 
We see at once that 
Sj+&2=Xj- Yj. 
Furthermore Xj = (S, + Sj+J2, so that it must be rational as well as an 
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algebraic integer. Therefore it must be a rational integer. This implies that Yj 
is also a rational integer. Now 
sj 3 s, = sj+e,z (mod e), 
or 
Xj+ri~Xj-ui (mod e), 
so that Yj is divisible by e/2. Now Yj is the sum of e/2 roots of unity. 
Therefore either Y, = 0, or all the terms in the sum for Yj are equal in which 
case they must be either 1 or -1. 
Suppose first that Yj = 0. Here Sj = Xi, and since Xj is the sum of e/2 - 1 
roots of unity, we have -e/2 ( X, ( e/2, and Sj = Xj = Z. 
Next suppose Yj # 0. Here Yj = *e/2, and one of S,, Sj+e,2 must be equal 
to 2. For r = w3 we have 
E 
0 
Wh-i=erW3h-3j= *I, 
so that ~‘(j-~) = E,/E, = f 1. If E, = E,, then either j = h or j = h + e/2. If 
E, = -&,, then either j = h + e/4 or j = h + 3e/4. Hence there are at most 
two values of j such that Yj # 0, and if there are two such values, then 
Sj = Z for one of them. Hence, with at most one exception, all of the Sj are 
equal to 2, and the periods of order e over GF(q) are uniform. 
It follows from Theorem 1 that the cyclotomic numbers of order e over 
GF(q) are uniform. 
THEOREM 3. Let e > 3. If the cyclotomic numbers of order e are uniform 
over GF(q), then -1 is a power of p module e. 
ProoJ: We may suppose q is the smallest power of p such that the 
cyclotomic numbers of order e over GF(q) are uniform, say q =p”. By 
Theorem 1, q is a square so that n = 2s for some integer s. By Theorem 1 
either pS - 1 or pS + 1 is divisible by e. If pS - 1 is divisible by e, then the 
cyclotomic numbers of order e over GF(pS) are uniform by Lemma 8, which 
contradicts the minimality of q. Hence pS + 1 is divisible by e, so that -1 is 
indeed a power ofp module e. 
Putting Theorems 2 and 3 together we get our main result. 
THEOREM 4. Let q be a power of the prime p, and let e be a divisor of 
q - 1 such that e > 3. Then the cyclotomic numbers of order e over GF(q) 
are uniform if and only if - 1 is a power of p module e. 
When the cyclotomic numbers are uniform their values are given by 
Theorem 1. 
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For p = 2, our condition is satisfied by e = 3, 5, 9, 11, and 13, which gives 
us many examples of uniform cyclotomic numbers. Indeed these were the 
examples that led us to consider the concept of uniform cyclotomic numbers. 
8. DIFFERENCE SETS 
Let G be a finite additive group of order u. A k-element subset 
{a*,%,..., a,) of G is called a dt@%rence set with parameters v, k, A if every 
nonzero element of G can be written in the form aj - ai in exactly I ways. 
A classical application of cyclotomic numbers is that of finding difference 
sets. 
In our present case G is the additive group of GF(q), where q =pn. We let 
G, be the set of all elements of GF(q) of the form geftz, 0 < t <f, where g is 
a fixed generator of the multiplicative group of GF(q) as before. We look for 
difference sets that are unions of these subsets. Since the complement of a 
difference set is a difference set, this will also cover the case in which the 
difference set consists of the union of some of the G, with 0 adjoined. The 
union of all the G, is trivially a difference set and we will exclude this case 
from consideration. 
THEOREM 5. Letq=p”,letebeadivisorofq-l,e>,3,letef=q-1, 
let g be a Jixed generator of the multiplicative group of GF(q), and set 
G, = {gel+‘}. Let z,, z2 ,..., z, be distinct module e, 0 ( m < e. Suppose that 
the cyclotomic numbers of order e over GF(q) are uniform. If the union 9 of 
the G,,, 1 < i < m, is a dtfirence set, then p = 2, and we have either (i) 
e = 2’ + 1, f = 2” - 1, m = 2’-‘, where s = n/2, or (ii) e = 3, f = 5, m = 2. 
Proof. We set A=(O,O), B=(O,l), and C=(l,2). Let a=gh be a 
nonzero element of GF(q). The number of solutions F(a) of x -y = gh with 
x and y in g must be independent of a. By (1) we have 
F(a)= 2 5 (h-zi,zj-zi). 
i=l j=1 
For a in g we may take h = z, for some u and then 
F(a)=A+(3m-3)B+(m*-3m+2)C. 
On the other hand since m < e, there are nonzero elements a in GF(q) that 
are not in g. For such an a we have 
F(a) = mB + (m’ - m) C. 
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The condition for ~9 to be a difference set is that these two expressions be 
equal. This is equivalent to 
By Theorem I this in turn is equivalent to 
-(e - 3) q - 1 + q(2m - 3) = 0. 
This implies that q] 1. Since q is an integer we must have r,+ = f 1 and 
2~7~7 = eq + 1 = r. Since r2 = q, we see that q must be even and p = 2. 
Moreover n is even and we set s = n/2. 
First let us consider the case q = -1. Here we have e = 2’ + 1, and 
f = 2” - 1. We now apply Theorem 4 to conclude that the cyclotomic 
numbers of order e over GF(q) are uniform, so that a difference set does 
exist in this case. 
Next we consider the case q = 1. Here we have e = 2” - 1, and f = 2” + 1. 
If s > 2, then -1 is not a power of 2 modulo e, and the cyclotomic numbers 
are not uniform by Theorem 4. Since e > 3 we have e = 3, f = 5, and m = 2. 
When e = 2’ + I, f = 2’ - 1, m = 2’-‘, we get difference sets discovered 
by Dillon [5]. When e = 3, f = 5, m = 2, we get difference sets with u = 16, 
k = 10, A= 6, which are all equivalent in the sense that we can obtain one 
from any other by adding a suitable constant and applying an automorphism 
of the additive group of GF( 16). The complements of these difference sets 
are equivalent to those we have above with s = 2. 
ACKNOWLEDGMENT 
The referee has given us a number of helpful suggestions, and provided an alternative proof 
of Theorem 2. 
REFERENCES 
1. L. D. BAUMERT AND H. FREDRICKSEN, The cyclotomic numbers of order eighteen with 
applications to difference sets, Math. Camp. 21 (1967), 204-219. 
2. H. DAVENPORT AND H. HASSE, Die Nullstellen der Kongruenzzetafunktionen in gewissen 
zyklischen Fallen, J. Reine Angew. Math. 172 (1935), 15 I-182. 
3. L. E. DICKSON, Cyclotomy, higher congruences, and Waring’s problem, Amer. J. Math. 
57 (1935), 391424. 
4. L. E. DICKSON, Cyclotomy and trinomial congruences, Trans. Amer. Math. Sot. 37 
(1935), 363-380. 
5. J. F. DILLON, Elementary Hadamard difference sets, in “Proceedings, Sixth Southeastern 
Conference on Combinatorics, Graph Theory, and Computing, Florida Atlantic Univer- 
sity, Boca Raton, Fla., 1975,” pp. 237-249. 
82 BAUMERT, MILLS, AND WARD 
6. R. J. EVANS AND J. R. HILL, The cyclotomic numbers of order sixteen, Mafh. Camp. 33 
(1979), 827-835. 
7. E. LEHMER, On the number of solutions of uk + D s w2 (modp), Pacific J. Math. 5 
(1955), 103-118. 
8. P. A. LEONARD AND K. S. WILLIAMS, The cyclotomic numbers of order eleven, Acla 
Arith. 26 (1975), 365-383. 
9. P. A. LEONARD AND K. S. WILLIAMS, The cyclotomic numbers of order seven, Proc. 
Amer. Math. Sot. 51 (1975), 295-300. 
10. R. J. MCELIECE AND H. RUMSEY, JR., Euler products, cyclotomy, and coding. J. Number 
Theory 4 (1972), 302-3 11. 
11. J. B. MUSKAT, The cyclotomic numbers of order fourteen, Acfa Arirh. 11 (1966), 
263-279. 
12. J. B. MUSKAT AND A. L. WHITEMAN, The cyclotomic numbers of order twenty, Acta 
Arith. 17 (1970), 185-216. 
13. T. STORER, “Cyclotomy and Difference Sets,” Markham, Chicago, 1967. 
14. A. L. WHITEMAN, The cyclotomic numbers of order sixteen, Trans. Amer. Math. Sot. 86 
(1957), 401-413. 
15. A. L. WHITEMAN, The cyclotomic numbers of order ten, Proc. Sympos. Appl. Math. 10 
(1960), 95-111. 
16. A. L. WHITEMAN, The cyclotomic numbers of order twelve, Acta Arith. 6 (1960), 53-76. 
